The effects of a solvent on the conformation of a flexible n-site solute molecule can be described formally in terms of an n-body solvation potential. Given the practical difficulty in computing such multibody potentials, it is common to carry out a pairwise decomposition in which the n-body potential is approximated by a sum of two-body potentials. Here we investigate the validity of this two-site approximation for short interaction-site chain-in-solvent systems. Using exact expressions for the conformation of an isolated chain, we construct a mapping between the full chain-in-solvent system and its solvation potential representation. We present results for both hard-sphere and square-well systems with n = 5 that show that the two-site approximation is sufficient to completely capture the effects of an explicit solvent on chain conformation for a wide range of conditions ͑which include varying the solvent diameter in the hard-sphere system and varying the chain-solvent coupling in the square-well system͒. In all cases, a set of two-site potentials ͑one for each distinct site-site pair͒ is required. We also show that these two-site solvation potentials can be used to accurately compute a multisite intramolecular correlation function.
I. INTRODUCTION
The conformation of a flexible chain molecule in solution is intrinsically coupled to the properties of the solvent. For dilute polymer solutions it is usual to broadly classify solvents as being "good," "poor," or "theta" for a particular polymer. [1] [2] [3] In a good solvent a polymer chain is in an expanded or open conformation, maximizing solvent polymer contact. Conversely, in a poor solvent a polymer chain is in a compact or collapsed conformation, minimizing exposure to the solvent. The theta solvent corresponds to a special intermediate condition in which the long-range intrachain excluded volume interactions ͑which tend to expand the chain͒ are effectively "screened out" by the solvent. Under such theta conditions many properties of the polymer resemble those of an ideal or Gaussian chain. In most cases the "quality" of a solvent also depends on external variables such as temperature and pH and thus solvent quality can be tuned via adjustment of these parameters.
In much of the theoretical work on polymers in dilute solution, the effects of solvent have been treated in an implicit fashion. [2] [3] [4] [5] [6] [7] [8] [9] Thus it is common to consider an isolated chain with a repulsive potential as a model for a polymer in good solvent. Similarly, an isolated self-avoiding chain with an intrachain attractive potential can be used both to model a polymer in poor solvent and, with appropriate adjustment of the potential strength, to also model a chain in a theta solvent. This implicit treatment of solvent is based on the assumption that the multibody effects of a solvent interacting with a chain molecule can be represented through a pairwise effective potential acting between the sites of the polymer chain. 4 The purpose of the present work is to investigate the validity of this commonly used pairwise solvation potential approximation.
We study this problem of explicit solvent effects on chain conformation using an interaction-site model for the chain-in-solvent system. Here we model solvent as a simple liquid comprised of spherically symmetric interaction sites ͑e.g., hard, square-well, or Lennard-Jones spheres͒ while a chain molecule is modeled as a set of such interaction sites bonded together by "universal joints" ͑i.e., a pearl-necklacetype model͒. Such a completely flexible interaction-site chain provides a coarse-grained model of a chain molecule in which each interaction site is meant to represent several chemical repeat units of a real chain. 10 These simple interaction-site chain-in-solvent systems display interesting solvent effects. [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] For example, a hard-sphere chain is found to be compressed by the addition of a hard-sphere solvent with the degree of compression increasing monotonically with solvent density and being a function of the relative solvent/chain-site size ratio. [11] [12] [13] [14] A purely entropic chain collapse transition has been reported for a hard-sphere chain in a dense hard-sphere solvent with solvent/chain-site size ratio of 5. In the case of a square-well ͑SW͒ or Lennard-Jones ͑LJ͒ chain-in-solvent system, both solvent induced chain compression and chain expansion are possible. [15] [16] [17] [18] [19] In particular, at low temperatures the SW ͑LJ͒ solvent tends to expand the SW ͑LJ͒ chain while at high temperatures chain compression is observed. The role of explicit solvent in the chain collapse transition for these thermal systems has also been investigated. [20] [21] [22] [23] It is in fact possible to construct an exact implicit treatment of the above described explicit solvent effects in a chain-in-solvent system. Such an exact mapping from an n-site chain molecule in solvent to a single-chain system is formally provided by an n-body solvation potential. 26 This n-body potential, which is constructed by integrating out the solvent degrees of freedom, depends on the exact conformation of the chain and is, in general, not practical to compute. Thus one typically resorts to an approximate pairwise decomposition of this multibody potential. [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] Although the validity of this decomposition has been questioned, 27, 38 to our knowledge, no direct tests have been reported for a chain in explicit solvent. It seems clear that this approximation must break down for a long chain in the poor solvent limit ͑where different chain sites will have very different solvent exposures͒; 20 however, the question of whether the approximation is actually valid under any circumstances remains open. Here we analyze this question for interaction-sitemodel chain-in-solvent systems over a range of solvent conditions. Our approach involves exact calculations for the conformation of a single chain [39] [40] [41] and is thereby limited to short ͑n ഛ 5͒ chains. Some preliminary results for a hardsphere system are reported in Ref. 42 .
II. THE INTERACTION-SITE CHAIN-IN-SOLVENT MODEL

A. Intramolecular probability functions
Here we consider a linear chain molecule comprised of n spherically symmetric interaction sites attached by completely flexible universal joints of fixed bond length L. The chain is immersed in a monomeric solvent consisting of N solvent particles contained in a volume V ͑solvent density = N / V͒ at temperature T. The chain sites are located by the set of position vectors ͕r i ͖ and the interaction energy between two nonbonded chain sites is given by u ij = u͑r ij ͒, with i Ͻ j + 1, where i , j ͕1, ... ,n͖ and r ij = ͉r i − r j ͉. Similarly, the solvent molecules are located by the set of position vectors ͕R k ͖ and the interaction energy between two solvent molecules is given by kl = ͑R kl ͒, with k l, where k , l ͕1, ... ,N͖ and R kl = ͉R k − R l ͉. Finally, the interaction energy between a chain site and a solvent molecule is given by w ik = w͉͑r i − R k ͉͒. For a fixed chain and solvent configuration, the total chain-chain, solvent-solvent, and chain-solvent interaction energies are given, respectively, as follows:
The probability density that the n-site chain will be found in a specific conformation ͕r i ͖ ͑i.e., that each chain site i will be located within an infinitesimal volume element dr i about position r i ͒ is given by 14, 43 
͑3͒
and
is the product of the intramolecular distribution functions
2 between bonded sites. While the n-site intramolecular probability function given in Eq. ͑2͒ provides a complete specification of the chain conformation, it is generally too cumbersome to work with directly. Thus one resorts to reduced versions of this function and here we will primarily work with the set of two-site probability functions given by
These two-site probability functions allow for the calculation of mean-square site-site distances
and thus, the mean-square radius of gyration
which is an experimentally accessible measure of average chain size.
B. The solvation potential mapping
The intramolecular probability functions for a chain in solvent, given by Eqs. ͑2͒ and ͑5͒, are formidable objects to compute since they both contain a 3N-dimensional integral over all solvent configurations. One can formally simplify these expressions by introducing an n-site solvation potential U n sol ͕͑r i ͖ ; , T͒ which completely accounts for the effects of the solvent on chain conformation. 26 In this approach one maps from the chain-in-solvent system to an isolated chain interacting via an effective potential given by
Thus the n-site probability function for the chain in solvent takes on the form of a single-chain probability function as follows:
where
In practice Eq. ͑9͒ is no more tractable than Eq. ͑2͒ due to the difficulty in actually computing the n-body solvation potential. However, one can greatly simplify the chain-insolvent problem by assuming a pairwise decomposition of this n-body potential. [26] [27] [28] [29] In this approximation, one writes the n-body solvation potential as a sum of two-site solvation potentials
and thus the chain-in-solvent problem becomes that of an isolated chain with effective site-site interactions given by
The site-site probability functions for this effective-potential chain can be written as Equation ͑13͒ is the basis for the numerous studies of polymer chains in solution in which the solvent is treated implicitly. This commonly used approach, in which the sitesite potentials for a single chain are assumed to include a solvent contribution ͓as in Eq. ͑12͔͒, is clearly premised on the two-site approximation of Eq. ͑11͒. Furthermore, in such implicit solvent studies, one usually assumes that a single site-site potential acts between nonbonded beads on the chain and thus that a single site-site solvation potential is sufficient to account for solvent effects.
In this work we examine the validity of this type of implicit solvent treatment. More fundamentally, we will investigate whether or not the two-site decomposition of the multibody solvation potential given by Eq. ͑11͒ is appropriate for any chain-in-solvent system. To carry out this test, we rewrite Eq. ͑13͒ as follows:
where the term involving the single-chain partition function is to be treated as an additive constant which sets the zero of the energy. Given a set of site-site probability functions P ij ͑r ; , T͒ for a chain in solvent ͑which can be obtained, for example, from a first principles density expansion or from a full chain-in-solvent Monte Carlo simulation͒, 14 Eq. ͑16͒ can be viewed as a set of coupled integral equations for the corresponding set of site-site effective potentials ͑and thus sitesite solvation potentials͒ ͕u ij eff ͖, with i Ͻ j + 1, where i , j ͕1, ... ,n͖. In order to test the two-site approximation, one simply attempts to find a self-consistent solution to this set of coupled equations. The question of whether or not this set of equations actually has a solution is the crux of our investigation. An affirmative answer to this question will provide strong ͑numerical͒ evidence in support of the validity of the two-site approximation. Furthermore, assuming that a solution to Eq. ͑16͒ is possible, comparison of the resulting set of site-site effective potentials will show whether or not a single effective potential is sufficient to completely account for solvent effects. ͓We note that each of these effective potentials is only defined up to an additive constant and thus the set of coupled equations represented by Eq. ͑16͒ is in fact formally unchanged by replacing the set ͕u ij eff ͖ with the set ͕u ij eff + C ij ͖ where each C ij may be a different constant.͔ Before proceeding with our numerical analysis, we would like to point out that the two-site solvation potential approximation is in fact rigorously valid for the 3-mer chainin-solvent system. In this case D 
where, as noted above, the term involving the single-chain partition function can be treated as an additive constant which sets the zero of the energy.
C. Site-site potentials and numerical methods
The developments of the above sections are applicable to any chain-in-solvent system with spherically symmetric sitesite potentials. In this work we restrict our attention to hardsphere and square-well systems. For the hard-sphere system, the chain and solvent hard-sphere diameters are denoted by and D, respectively, and the chain bond length is set to L = . The interaction potentials for this system are u ij ͑r͒ = u HS ͑r ; , ͒, kl ͑r͒ = u HS ͑r ; D , D͒, and w ik ͑r͒ = u HS ͑r ; , D͒ where the hard-sphere potential is given by
͑18͒
For the square-well system, we keep the chain and solvent sites the same size so that the chain-chain and solventsolvent interaction energies are both given by u ij ͑r͒ = kl ͑r͒ = u SW ͑r ; ͒ where the square-well potential is
We allow for a variable chain-solvent interaction 23 given by w ik ͑r͒ = ␣u SW ͑r ; ͒ where ␣ is a chain-solvent coupling parameter ͑0 ഛ ␣ ഛ 1͒ defined such that lim ␣→0 ͓␣u SW ͑r ; ͔͒ = u HS ͑r ; , ͒. The chain bond length is set to L = and the square-well depth sets the temperature scale via the reduced temperature T * = k B T / . In the limit of T * → ϱ this square-well system becomes identical to the D = hardsphere system.
Our attempt to map the above chain-in-solvent systems to an isolated chain representation requires a self-consistent solution to Eq. ͑16͒. This mapping will only be feasible for short chains due to the difficulty in computing the multidimensional D ij integrals ͓Eq. ͑14͔͒. Here we carry out calculations for chains up to length n = 5 using the explicit expressions for the D ij integrals given in Ref. 40 . Gauss-Legendre quadrature is used to evaluate these integrals with special care being taken at site-site distances where the P ij ͑r͒ functions exhibit discontinuous behavior ͑ + L, , and + ͒. 39 The set of coupled equations given by Eq. ͑16͒ is solved on a grid using a Picard iteration scheme 44 at each position grid point. Since Eq. ͑16͒ only defines the effective potentials up to an arbitrary additive constant, we fix one point of each potential to be zero throughout the calculation. ͑In fact, we set the potentials to zero beyond this cutoff point which is taken as r = 2.0 for ͉i − j͉ =2, r = 2.9 for ͉i − j͉ = 3, and r ഛ 3.6 for ͉i − j͉ =4͒. The site-site probability functions P ij ͑r͒, which appear in Eq. ͑16͒, are obtained from chain-in-solvent Monte Carlo ͑MC͒ simulations. Details of the hard-sphere simulations are given in Ref. 14 and the square-well simulations are discussed in Ref. 19 . We use both single-site axial rotation 46 and multisite pivotlike translation moves for the chain. 47 For the simulation data presented here, we use between 100 and 3000 solvent particles in a rectangular box with periodic boundary conditions and between 10 7 and 4 ϫ 10 9 Monte Carlo cycles. We report results in terms of the solvent volume fraction which is slightly smaller than the total particle volume fraction in the simulation box ͑ total = + n 3 /6V͒. For the results presented here, we use enough solvent particles such that the fractional difference between these two values is less than or equal to 2% ͓i.e., ͑ total − ͒ / ഛ 0.02͔. In all cases the minimum dimension of the simulation box exceeds the stretched length of the chain plus several solvent diameters. Block averaging is used to estimate uncertainties and the equilibration time ͑which equals the block length͒ is chosen such that the chain end-to-end distance covers the range of values from near contact to near full chain extension.
III. RESULTS
A. Hard-sphere systems
The primary effect of a hard-sphere solvent on a hardsphere chain is chain compression ͑i.e., a reduction in the average chain size relative to the isolated chain͒. [12] [13] [14] This behavior is seen in Fig. 1 where we show Monte Carlo results for the average size of a hard-sphere 5-mer chain in hard-sphere solvent with solvent diameters D =2, , and / 2 for solvent volume fractions = D 3 / 6 up to = 0.475 ͑the hard-sphere freezing transition occurs at Ϸ 0.49͒. 44 The compression effect is seen to increase with both increasing solvent volume fraction and decreasing solvent diameter.
In Fig. 2 we show site-site probability functions for this 5-mer hard-sphere chain-in-solvent system for solvent volume fractions = 0.45 for D = and 2 and = 0.40 for D = / 2. The end-to-end probability function for an isolated hard-sphere chain ͑i.e., =0͒ is included to illustrate the strong solvent perturbation to the local chain structure. The central question of this study is as follows: Can these strong solvent induced perturbations to local chain structure be reproduced using an effective potential in a single-chain calculation? To answer this question we attempt to find a selfconsistent solution to the set of four coupled equations ͑for ͒ represented by Eq. ͑16͒ using Monte Carlo data, such as that shown in Fig. 2 , for the required P ij functions. We are in fact able to solve these equations and the resulting sets of solvation potentials, obtained from the Monte Carlo data of Fig. 2 , are shown in Fig. 3 . All of these potentials display a deep attractive well for small site-site separations as expected for a potential that produces chain compression. To verify that our calculations are selfconsistent, we use Eq. ͑13͒ to compute the site-site probability functions for an isolated 5-mer chain interacting via the effective potentials shown in Fig. 3 . The results of these single-chain calculations are included as the solid lines shown in Fig. 2 . As seen in this figure, the single-chain calculations "exactly" match the results of the full chain-insolvent simulation. We have carried out this calculation for each of the state points shown in Fig. 1 with identical success in each case. We have also carried out this calculation for chains of lengths n = 3 and 4 and find equally good results ͑some of which are shown in Ref. 42͒ . For the cases with n Ͼ 3 we require a set of solvation potentials and thus the question of the uniqueness of these sets of functions arises. Although we have no mathematical proof of uniqueness for our calculated sets of solvation potentials, we have found in all cases considered that our numerical procedure converges to an apparently unique set of potentials ͑i.e., our numerical solutions appear to be independent of the initial guess used to start the iteration͒.
B. Square-well systems
To further assess the general validity of the pairwise decomposition of the multibody solvation potential, we have carried out the same type of analysis described in the previous section for square-well chain-in-solvent systems. In a system with attractive interactions, solvent effects can include chain expansion in addition to chain compression. This behavior is seen in Fig. 4 where we show Monte Carlo results for the average size of a 5-mer square-well chain in a square-well solvent with = 1.5 and ␣ = 1.0 ͑the critical point for this solvent is given by T c * = 1.22 and c = 0.162͒. 48 The chain is compressed with increasing solvent density at high temperatures while it is expanded by the solvent ͑at least at low solvent density͒ at low temperatures. For the = 1.5, ␣ = 1.0, 5-mer chain system, the crossover temperature between regimes of expansion and compression is T * Ϸ 5.0.
17,19
Another effect of the square-well solvent ͑with ␣ =1͒ on the from full chain-in-solvent MC simulations while the lines are results of exact single-chain calculations using Eq. ͑13͒ and the two-site solvation potentials shown in Fig. 3 . In each case, the dashed line shows the end-toend probability function for an isolated ͑i.e., =0͒ 5-mer chain. Some MC data points have been omitted for clarity. In part ͑c͒ the off-scale contact values are P 13 ͑͒Ϸ3.7 and P 24 ͑͒Ϸ3.3. square-well chain is the inhibition of chain collapse at high solvent density. This is seen in Fig. 4 for = 0.40 where the chain remains expanded as the temperature is reduced from T * = ϱ → T * = 1.0 ͓for this same temperature reduction, the isolated chain ͑ =0͒ begins to collapse͔. Both chain expansion and this inhibition of chain collapse are due to "solvation" of the chain by the solvent. By reducing the chainsolvent coupling parameter ␣, the stabilizing effects of the solvent are reduced and the chain undergoes a collapse transition that is enhanced by the presence of the solvent. 22, 23 This is shown in the inset to Fig. 4 where we see that for T * = 1.0, = 0.40, as the chain-solvent coupling is reduced from ␣ =1→ ␣ = 0, the chain collapses to a size significantly smaller than that of the isolated ͑ =0͒ chain at this temperature.
As an illustration of our test of the two-site solvation potential approximation for SW systems, we consider a SW chain in a subcritical ͑liquid phase͒ SW solvent with = 0.40 and T * = 1.0 for a range of chain-solvent coupling parameters ␣ ͑see Fig. 4 inset͒. In particular, we examine the two extreme situations of solvent induced chain expansion ͑i.e., good solvent behavior͒ seen for ␣ = 1 and solvent enhanced chain collapse ͑i.e., poor solvent behavior͒ seen for ␣ = 0. We also consider the special intermediate case of ␣ = 0.65 where the average chain size is unchanged by the presence of solvent ͑thetalike conditions͒. Monte Carlo results for the site-site probability functions for these three cases are shown in Fig. 5 . As for the hard-sphere systems, these MC data are used in Eq. ͑16͒, which is solved selfconsistently to obtain the solvation potentials shown in Fig.  6 . The set of solvation potentials for ␣ = 1 displays a large repulsive barrier which leads to chain expansion while the ␣ = 0 potentials display a broad attractive well resulting in chain compression. For the intermediate case of ␣ = 0.65, both an attractive well and repulsive barrier are present resulting in no net change in average chain size. When these solvation potentials are used in the single-chain calculation given by Eq. ͑13͒, the resulting single-chain site-site probability functions, shown as the lines in Fig. 5 , exactly match the full chain-in-solvent Monte Carlo results, thus verifying the validity of the two-site approximation ͑for short chains͒ across the full range of solvent conditions.
C. Multibody correlations
Thus far our test of the validity of the pair decomposition of the multibody solvation potential has involved calculating solvent effects at the level of two-site probability functions. A more rigorous test of the pair decomposition would Site-site probability functions P ij ͑r ; , T * ͒ for sites i and j as indicated vs site-site distance r for a square-well ͑ = 1.5͒ 5-mer chain in a square-well ͑ = 1.5͒ solvent at volume fraction = 0.40, temperature T * be to compute higher order correlation functions starting from the two-site solvation potentials. An example of such a higher order correlation function for a 4-mer chain molecule is the four-body site-site probability function P 4 ͑r 13 , r 24 ͒. This particular function has been studied by Grayce for the hard-sphere chain-in-solvent system. 38 For an isolated 4-mer chain, this function can be written exactly as 39 and we have the reduction property
In Fig. 7͑a͒ we show this multibody function ͓divided by the uncorrelated value P 13 ͑r 13 ͒P 24 ͑r 24 ͔͒ for the isolated ͑ =0͒ hard-sphere chain with L = . As seen in this plot, the r 13 and r 24 site-site distances are correlated such that an overall chain configuration with one of these distances large and the other small is more probable than predicted by the product of the individual two-site probabilities. This correlation displays a maximum when r 13 2 + r 24 2 =4L 2 ͑for r 13 or r 24 Ͻ ͱ 3͒ which corresponds to a crossover to conformations in which the minimum r 14 distance exceeds .
In Fig. 7͑b͒ we show this multibody function for the hard-sphere 4-mer in hard-sphere solvent with D = at volume fraction = 0.40. Results are shown both from a full chain-in-solvent simulation and from the single-chain calculation given by Eq. ͑20͒ using a set of effective ͑solvation͒ potentials ͕u proximation and the Monte Carlo data for this multibody correlation function is not as exact as for the two-site probability functions, it is quite good ͑improving with reduced solvent density͒ and certainly captures the detailed structure of the chain in solvent.
IV. DISCUSSION
In this work we have carried out a direct test of the validity of a pair decomposition of the multibody solvation potential for a flexible chain in a monomeric solvent. We find that this two-site solvation potential approximation is nearly exact for hard-sphere and square-well chain-in-solvent systems for chains up to length n = 5. We have carried out this test up to very high solvent volume fractions ͑ ഛ 0.475 for the hard-sphere system and ഛ 0.425 for the = 1.5 squarewell system͒ and for a range of solvent conditions resulting in both expanded and nearly collapsed square-well chains. We have also examined the case of a critical solvent ͑i.e., = 0.162, T * = 1.22 for the = 1.5 square-well fluid͒ 48 and find equally good solvation potential results. Testing this approximation for longer chains is difficult due to the required computation of a set of multidimensional integrals ͓Eq. ͑14͔͒ similar to the integrals encountered when evaluating higher order virial coefficients. Although we certainly expect the two-site approximation to break down under certain conditions for longer chains ͑especially in the case of a collapsed chain with solvent inaccessible "interior" sites͒, 20 we have at least established that there are cases for which the approximation can be considered correct.
One important result is the finding that a set of site-site potentials is required for this mapping between the chain-insolvent system and the effective-potential chain representation. Thus, the implicit inclusion of solvent via a single sitesite effective potential ͑which is a common approach͒ cannot, in general, be expected to completely capture solvent induced perturbations to chain conformation. An exception to this may be the case of a small solvent/chain-site size ratio. As seen in Fig. 3͑c͒ , for the hard-sphere chain-insolvent system with D = 0.5, the four site-site solvation potentials are nearly identical. We note that these potentials have the structure of a "depletion" potential for two large spheres in a fluid of small spheres, including the expected repulsive barrier and secondary minimum. 49 We have also reported the interesting finding that for short hard-sphere chains, this two-site approximation allows for the accurate calculation of multibody correlation functions. This to some extent resolves the open question as to whether or not a full multibody solvation potential is essential in capturing such structural details. 38 At this point we have only examined the single multibody correlation function reported above; however, we plan to extend our investigation in an attempt to further clarify this question. Finally, we have recently proposed a method that makes use of the exact short-chain solvation potentials computed here to construct solvation potentials for long chain molecules. 42 This construction is motivated by the observation that the local structure of short and long interaction-site chains is often quite similar. Thus we make the assumption that our short chain effective potentials can be applied to "nearby" sites along the backbone of a long chain. We make the further assumption that for a solvent with D = , the solvation potential approaches the solvent potential of mean force for sites distant along the chain backbone. Our approach interpolates between these limits to build a complete set of effective potentials for a long chain. Our initial results for this construction for hard-sphere systems are quite promising and we are continuing to investigate this approach. Further results will be reported in a forthcoming publication. 
APPENDIX: SIZE OF AN ISOLATED SQUARE-WELL 5-MER CHAIN
The size of an isolated 5-mer square-well chain can be computed exactly following the density of states calculation presented in Ref. 41 . In particular, the mean-square end-toend distance for a 5-mer chain with well-diameter at reduced temperature T * can be expressed exactly as 
͑A1͒
Results for the expansion coefficients c k ͑͒ and g k ͑͒ for = 1.5 are given in Table I . 
